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1. INTERACTING MANIFOLD RENORMALIZATION: A BRIEF HIS- 
TORY 



As can be seen in the set of lectures in this volume, which presents an extended version 
of 0], the statistical mechanics of random surfaces and membranes, or more generally 
of extended objects, poses fundamental problems. The study of polymerized membranes, 
which are generalizations of linear polymers to two-dimensionally connected networks, 
is emphasized, with a number of possible experimental realizations 0,|^,^0J^, or numerical 
simulations [^|10[- From a theoretical point of view, a clear challenge in the late eighties 
was to understand self-avoidance (SA) effects in membranes. 

The model proposed0 in [p!T] , p!2[| aimed to incorporate the advances made in polymer 
theory by renormalization group (RG) methods into the field of polymerized, or teth- 
ered, membranes. As we saw in part I of these lectures, these extended objects, a priori 
two-dimensional in nature, are generalized for theoretical purposes to intrinsically D 
dimensional manifolds with internal points x G IR^, embedded in external d-dimensional 
space with position vector r(x) G IR*^. The associated continuum Hamiltonian Ti general- 
izes that of Edwards for polymers : 

m = \j d^x (V,r(x))' + ^Jd^xJ d^x' S'^{r{x) - r{x')) , (1.1) 

with an elastic Gaussian term and a self-avoidance two-body 5-potential with interaction 
parameter 6 > 0. For < D < 2, the Gaussian manifold [b = 0) is crumpled with a 
Gaussian size exponent 

-0 = (1.2) 

and a finite Hausdorff dimension 

dH^D/iyo = 2D/{2-Dy, (1.3) 
the finiteness of the upper critical dimension d* = 2dH for the SA-interaction allows an 



^-expansion about d* |11-13 



e = 4D- 2vQd (1.4) 



^ R.C. Ball was actually the first to propose, while a postdoc in Saclay in 1981, the extension 
of the Edwards model to D-manifolds, with the aim, at that time, to better understand polymers! 
(unpublished) . 



1 



performed via the direct renormalization method adapted from that of des Cloizeaux in 
polymer theory as we explained in part I. 

Only the polymer case, with an integer internal dimension D = 1, can be mapped, 
following de Gennes [jl5|, onto a standard field theory, namely a ($'^(r))^ theory for an 
71-component field #(r) in external d-dimensional space, with n ^ components. This 
is instrumental in showing that the direct renormalization method for polymers is mathe- 



matically sound |Tg] , and equivalent to rigorous renormalization schemes in standard local 
field theory, such as the Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) construction 
T7[] . For manifold theory, we have to deal with non-integer internal dimensions D, D ^ 1, 



and no such mapping exists. Therefore, two outstanding problems remained in the theory 
of interacting manifolds: (a) the mathematical meaning of a continuous internal dimension 
D; (b) the actual renormalizahility of the perturbative expansion of a manifold model like 
(prrp, implying the scaling behavior expected on physical grounds. 




(a) (b) 

Fig. 1: (a) A D-manifold interacting with an impurity located at point in IR'^; (b) 

d' 

interaction with an Euchdean hyperplane of dimension D' in IR , with d' = d + D' . 



In [^, a simpler model was proposed, of a crumpled manifold interacting by excluded 
volume with a fixed Euclidean subspace of IR^ [19|. The simplified model Hamiltonian 
introduced there reads: 



:i.5) 



with a pointwise interaction of the Gaussian manifold with an impurity located at the 
origin (Fig. la). Note that this Hamiltonian also represents interactions of a fluctuating 
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(possibly directed) manifold with a nonfluctuating D'- Euclidean hyperplane of IR^"*"^ , 
r then standing for the coordinates transverse to this subspace (Fig. lb) . The excluded 
volume case (6 > 0) parallels that of the Edwards model ( p. . 1|) for SA-manifolds, while an 
attractive interaction (6 < 0) is also possible, describing pinning phenomena. The (naive) 
dimensions of r and h are respectively [r] = [x^] with a Gaussian size exponent 

v = {2-D)/2, (1.6) 

and [6] = [x~^] with 

e = D-vd. (1.7) 

For fixed D and z/, the parameter d (or equivalently e) controls the relevance of the in- 
teraction, with the exclusion of a point only effective for d < d* = D/u. Note that in 
this model the size exponent u is not modified by the local interaction and stays equal to 
its Gaussian value ( |1.6| ), whereas the correlation functions obey (non- Gaussian) universal 
scaling laws. 

For D = 1, the model is exactly solvable [^. For D ^ 1, the direct resummation 



of leading divergences of the perturbation series is possible for model (|1.5|) and indeed 
validates one-loop renormalization [0. This result was also extended to the Edwards 
model (|T3]) itself 



A study to all orders of the interaction model (|1.5| ) was later performed in ||2^, ||22 



A mathematical construction of the D-dimensional internal measure d^x via distance 
geometry within the elastic manifold was given, with expressions for manifold Feynman 
integrals which generalize the ct-parameter representation of field theory. In the case of 



the manifold model of [|T8[, the essential properties which make it renormalizable to all 
orders by a renormalization of the coupling constant were established. This led to a 
direct construction of a renormalization operation, generalizing the BPHZ construction to 
manifolds (see also IH H.) 

Later, the full Edwards model of self-avoiding manifolds ( |1 . 1| ) was studied by the same 



methods, and its renormalizability established to all orders , [|2^ . Effective calculations 



to second order in e ("two-loop" order) were performed in [27]. The large order behavior 
of the Edwards model (|1.1|) was finally studied in [p8| . 

The aim of part II of these notes is to review some of these developments. 



2. MANIFOLD MODEL WITH LOCAL 5 INTERACTION 

2.1. Perturbative expansion 

In this chapter, we study the statistical mechanics of the simphfied model Hamiltonian 
(pTsp. The model is described by its (connected) partition function 



Z = V-^ j V[y] exp{-(3n) 



(2.1) 



(here V is the internal volume of the manifold) and, for instance, by its one-point vertex 
function 

Z(°)(k)/Z= / d^xo (e*'^-''("°)), (2.2) 



where the (connected) average (■ ■ ■) is performed with (|1.5|) : 

Z(o)(k) = V"^ / V[r\exp{-(3n) [ d^xo e'^'^'^'^^l 



(2.3) 



These functions are all formally defined via their perturbative expansions in the coupling 
constant b: 



N=l 



m 



z 



with a similar equation for Z^^^ with coefficients Z 



(0). 
N ■ 



z('Hk)=Y: 



(2.4) 



(2.5) 




Fig. 2: Interaction points Xi; insertion point Xq for the external momentum k. 



has the path integral representation 

^N = ^ j dVo 
where the Gaussian path measure is 



N 



(2.6) 



dVo = Vr{x) exp{-(3no) 



(2.7) 



with 



1 



d'^xiVM 



There is no translational invariance in this theory, since the origin is selected by the pres- 
ence of the impurity. The measure dVo thus includes integration over global translations 
of the manifold in IR*^. The first term is then simply = 1, so that 



Z = -b + 0{h^ 



(2.9) 



The term of order A^, Zjsi, is a Gaussian average involving interaction points Xi (Fig. 
2): 



N N 

Zn = - j dVo j Wd'^x, \{5\v{xi)). 



By Fourier transforming the distribution in d-space 



5\v{x)) 



(27r; 



■J exp ( zk.r 



one gets 



V 



i=l 



i=i ^ ' 



N 

1=1 



For a Gaussian manifold with weight ( |2.7| ) ( p.8| ) we have: 



dVo exp 



N 



z y^k^.i 



N 



(27r)^5^ 5^k, exp 



1 ^ 

- k,.k,G( 



X 7 lie n 



(2.10) 



(2.11) 



(2.12) 



This Gaussian manifold average is expressed solely in terms of the Green function 



G(x-y) = --Aolx-y 



2v 



(2.13) 



solutionll of 

-A.G(x-2/)=(5^(a:-y), (2.14) 
with 21/ — 2 — D, and Ad a normalization: 

Ad = [Sd{2 - D)/2]-' = [Sdi^]'' , (2.15) 

where Sd is the area of the unit sphere in D dimensions 

27r^/2 

So = (2.16) 

In the following, it is important to preserve the condition < u < 1 {i.e., < D < 2), 
corresponding to the actual case of a crumpled manifold, where (— G) is positive and 
ultraviolet (UV) finite. 

Performing finally the Gaussian integral over the — 1 independent real variables 
ki, {i = l,---,N -1) yields [|T8[: 

. N _a 

= (27r)-(^-i)^/2 / n^^^. (det [n.,]^^^^^.^,_^) ' , (2.17) 

i=i 

where the matrix is simply defined as 

liij = G{xi — Xj) — G{xi — xn) — G{xj — xat), (2-18) 

with respect to the reference point xn, the permutation symmetry between the N points 
being restored in the determinant. 

The integral representation of Z^^ is obtained from that of Z^ by multiplying the 
integrand in (|2.17| ) by exp(-|k2A(°)) with : 

/\(o) — det [Ilij]o<ij<N-i ^2 iQ-^ 

det [n j j ] 1 < i , j < jv - 1 

and integrating over one more position, xq, (Fig. 2): 

4°)(k) = V-^ (27r)-(^-i)'^/2 [lld^x,e^p(-h'A(A (det[n,,]^ 

^ i=o ^ ^ 



<i,7<iV-l 



(2.20) 

Notice that the first order term (A^ = 1) specializes to: 

Z[^\k) =V-^ [ d^xod^xiexpl-lk^Uoi). (2.21) 
Jvxv V 2 / 

The resulting expressions are quite similar to those for the Edwards manifold model [ED . 

^ In part I we used the notation G{x — y) = Ad\x — y\^'^ for the (positive) solution of the 
shghtly different equation A.xG{x — y)= 25^ {x — y), while hereafter in II we shall use the proper 
Newton-Coulomb potential ( |2.13D , in view of the underlying electrostatic representation. 
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2.2. Second virial coefficient 

In this section, we imagine the manifold to be of finite internal volume V = and 
define two dimensionless interaction coefficients, the excluded volume parameter 2;, and 
the second virial coefficient (7, as 

z = (27rAo)-^/'6X^-(2-i>)d/2^ (2.22) 

g = (27ryl,,)-^/2(-Z)X^-(2-^)<^/2. (2.23) 
Because of ( p^) , the perturbative expansion of the full interaction parameter g starts as: 

g = z + 0{z'^). (2.24) 

More precisely we have: 

00 

^= E(-l)'^"'^'^^^ (2-25) 

N=l 

where we have set 

-^Zj, ^ {2nAj,)-^^-^)''/^X^^-^)H^ (2.26) 
in order to get rid of cumbersome factors. Now the dimensionless integral In is 

1 r ^ 

^^ = m n^''^^ (detD)-'^/2, (2.27) 
■ i=i 

with integrations over resettled coordinates, in a unit internal volume V = X~^V = 1; D 
is the symmetric (A^ — 1) x (A^ — 1) matrix with elements {1 < i,j < N — 1) 



2-D 2-D 2-D *^2-28) 



D^^ = 








D^J = 


\ {\XiN 


— Xj. 





2.3. Resummation of leading divergences 

In this section we analyse the leading divergence of each /^r for e = D — {2 — D)d/2 
D — ud > 0. We have Ii = 1, and 



12 = 1 f d'^x, d^X2 |xi - X2r(^-^)'^/^. (2.29) 



We are interested in evaluating the pole at e = 0. It is easily extracted as [0 

h^lj^^ rf^xi £ Sd dy y-'+' = (2.30) 

wherei y = |a;i — X2I. 

The structure of divergences of the generic term In will be studied in detail in the 
next sections. They will be shown to be only local divergences, obtained by letting any 
interaction point subset coalesce. Here, the leading divergence is evaluated as follows. 

The determinant in (|2.27[) is symmetrical with respect to the points, so we can, 
for a given i G {1,---,A^ — 1}, and without loss of generality, consider the "Hepp sector" 
Xi xn, hence p = \xiN\ 0. We then have Da = \xiN\'^~^, while for any other 

A, ^ ^ {\X^N\^~^ - X^n.V\Xjn\^~^ + 0{p^)) . 

Using 1/ = {2 — D)/2 and the notation 5 = min(i/, 1 — z/), we can write the leading term of 
this equation, which depends on the position of D, < D < 2, with respect to 1, as 

When expanding the determinant det D with respect to column i and line i, we encounter 
either the diagonal term Da = \xiN\'^'^ = 0{p^^), or non diagonal terms of type DijDik = 
O . Thus Du dominates and we can write in the sector Xi — > x^ 

detD ~ Da x detD/i = \xiN\^~^ x detD/i, (2.31) 

where detD/z is the reduced determinant of order (A^ — 2) x (A^ — 2), in which line i and 
column i have been removed, hence the point i itself. By symmetry, in any other sector 
Xi Xj , we have similarly 

detD ~ Ixijp-^ X det D/i. (2.32) 

Among the A^(A^ — l)/2 possible pairs (i,j) we define an arbitrary ordered set of — 1 
pairs V = {(^a, Ja), ct = 1, ■ ■ ■ , A^ — 1}, such that the distances \xi^ — Xj^ \ = y^ ^ define 

^ Note that the precise value of the upper limit for y, y < 1, is immaterial when evaluating the 
pole part. 
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a sector yi < 2/2 < ■ ■ ■ < Vn-i- In this limit, applying the rule ( p.32|) successively from 
a = 1 to — 1 yields a determinant factorized as 



N-l 



det D ~ Yl 



,2-D 



a=l 



The contribution of the sector V to the integral In is given by the iteration of (p. 301) : 



N-l 



a=l 
1 1 



•Va + l 

Sd I dy^ y-'+' 




S 



D 



N-l 



(2.33) 



A^! (iV- 1)! 

The number of distinct sectors of — 1 ordered pairs V chosen among points equals 
Nl{N — l)l/2^~^, whence the leading divergence of In- 



T I 



7V-1 



(2.34) 



At this order, the dimensionless excluded volume parameter g ( p.23| ) thus reads 



N=l 



N=l 



,N-1 N I ^J^ 

' 2e 



N-l 



Z 



(2.35) 



1 _|_ 2^ ' 



2.4- Comparison to one-loop renormalization 



The Taylor-Laurent expansion of parameter g to first orders is obtained from ( |2.25| ) 
and (^) 

g = z-z^l2 + --- = z-z''^ + ---. (2.36) 



It is associated with a Wilson function 



ez — z'^Sd + ■ ■ ■ = eg — g^ + 



(2.37) 



The fixed point g* such that W{g*,e) = is (7* = 2e/SD and precisely corresponds to the 
limit of ( p:35| ) 

g{z^+^) = ^=g\ (2.38) 



More interestingly, the (truncated) flow equation (|2.37|) 

W{g,e) = ez^=eg-g'^. (2.39) 
oz 2 

with boundary condition ( |2.24| ), has precisely the solution g = z/{l + z^). So we see 
that the resummation (|2.35| ) to all orders of leading divergences is exactly equivalent to 
the one-loop renormalization group equation, as displayed in ( p.39|) . Thus the one- loop 
renormalizability of the manifold model has been directly established by direct resumma- 



tion of the perturbation expansion W8 



This is conflrmed by consideration of the vertex function ( |2.2| ). The same evaluation 
of ( [2.2UD gives, after successive contractions of pairs of points in the determinants in ( |2.19| ) , 
( ^■20| ), the leading divergence: 



(2.40) 

with the matrix element Hoi = —2G[xq — xi). The (connected) vertex function (p.3|), ( |2T5| ) 
can thus be resummed at this order as 



N=l 

~^ [ d^xo rf^xi exp(--k2(-2G'(xo -xi)) j 

Jvxv 12 J 



'Ml) 



Notice that, at first order, Z^^^ is determined from ( p.21|) as 
Z(o)(k) = -bz[^\k) + 0{b^) 

r r 1- 1 (2.42) 

= -b V"^ / d^xo d^xi exp <^ --k2(-2G'(xo - xi)) \ + 0{b^)- 
Jvxv 12 J 



therefore the resummation of leading divergences in (|2.41| ) amounts exactly to replacing 

b 



1 -(_ 



in the flrst order correlation function ( |2.42| ). Owing to ( p.22|) , this is indeed equivalent 
to replacing the bare dimensionless interaction parameter z by the renormalized one g = 
z/ {1 + z^), in complete agreement with ( |2.35D above. 
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Fig. 3: Passage from Euclidean coordinates Xi to the complete set of squared distances 



2.5. Analytic continuation in D of the Euclidean measure 

Integrals like ( |2.17| ) or ( |2.20| ), written with Cartesian coordinates, are a priori mean- 
ingful only for integer D. Up to now, we have only formally extended such integrals to 
non-integer dimensions. Actually, an analytic continuation in D can be performed by use of 
distance geometry . The key idea is to substitute for the internal Euclidean coordinates 
Xi the set of all mutual (squared) distances atj = {xi — Xj)^ (Fig. 3). 

This is possible for integrands invariant under the group of Euclidean motions (as in 
( ^.17| ) and ( |2.2C1| )). For N integration points, it also requires, before analytic continuation, 
D to be large enough, i.e., D > N — 1, such that the N — 1 relative vectors spanning these 
points are linearly independent. 

We define the graph Q as the set Q = {!,..., A} labelling the interaction points. 
Vertices i E Q will be remnants of the original Euclidean points after analytic continuation, 
and index the squared distance matrix [a^j]. The change of variables {xi}i^g ^ a = 
\ai 



i<j reads explicitly 22 



1 



D 



Xi 



a] 



Ag 



(2.43) 



with the measure 



where A = \Q\, and 



diJLg'^ (a) 



JJ^ da 



(D) 



"at — 



7V-2 

n 

K=0 



Sd- 



Pg{a) 



K 



2K+1 



(2.44) 



(2.45) 
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D /2 



D 



2lT 

r{D/2) 



is as before the volume of the unit sphere in M^), and 

1 



Pg 



N 



2N- 



1 



ai2 



ai2 




1 a2N 



1 

aiN 

0'2N 



(2.46) 



The factor f^^'' ( |2.45D is the volume of the rotation group of the rigid simplex spanning 



the points Xi. The "Cayley-Menger determinant" [|2^ Pg{a) is proportional to the squared 
Euclidean volume of this simplex, a polynomial of degree — 1 in the aij. The set 
a of squared distances has to fulfill the triangular inequalities and their generalizations: 
Pk{o) > for all subgraphs K d which defines the domain of integration Ag in ( |2.43|) . 

For real D > \Q\—2 = N — dfXg^\a) is a positive measure on Ag, analytic in D. It is 
remarkable that, as a distribution, it can be extended to < D < |^| — 2 |22} j. For integer 
D < \Q\ —2, although the change of variables from Xi to aij no longer exists, Eq.( ^.44] ) still 
reconstructs the correct measure, concentrated on L>- dimensional submanifolds of 1R'^~^, 
i.e., Pjc = if D < |/C| — 2 ||2^. For example, when D ^ 1 for = 3 vertices, we have, 
denoting the distances = ^foT 



^^{1,2,3}(«) 



25(|12| + |23|-|13|) + 25(|13| + |32|-|12|) + 2 5 (|21 1 + | 13| -|23|) , 



(2.47) 



(i|12|(i|13|(i|23| 

which indeed describes the 6 possibilities for nested intervals in IR, with degeneracy factors 
2 corresponding to the reversal of the orientation. 



Another nice feature of this formalism is that the interaction determinants in ( \2.ni) 



and ( \2.1d{ ) are also Cayley-Menger determinants! We have indeed 



det [n 



iJil<i,j<N-l 



(2.48) 



where a'^ = [a 



is obtained by simply raising each squared distance to the power u. 
We arrive for ( pj.lT] ) and ( |2.2U| ) at the representation of "Feynman diagrams" in distance 
geometry: 

Zn= f d^if^ Ig , Ig = [Pgia""))--' 



Ag 



if (k) = /e exp 



A, 



Su{0} 



(2.49) 



2 



g V". y 2" Pg{a-) 

which are D-dimensional extensions of the Schwinger ct-parameter representation. We now 
have to study the actual convergence of these integrals and, possibly, their renormalization. 



12 



2.6. Analysis of divergences 

Large distance infrared (IR) divergences occur for manifolds of infinite size. One can 
keep a finite size, preserve symmetries and avoid boundary effects by choosing as a manifold 
the iD-dimensional sphere So of radius R in IR^"*"^. This amounts |]2^ in distance geometry 
to substituting for Pg{a) the "spherical" polynomial Pg{a) = Pg{a) + -^det(— |a), the 
second term providing an IR cut-off, such that a^j < 4R^. In the following, this IR 
regularization will simply be ignored when dealing with short-distance properties, for which 
we can take P| ~ Pg. This was also the case when evaluating leading divergences in the 
sections above. 

The complete description of the possible set of divergences is then obtained from the 
following theorem of distance geometry |P9|| : 

Schoenberg's theorem. For < u < 1, the set a" = [a^ ] i<j can he realized as the set 
of squared distances of a transformed simplex in IR^~^, whose volume Pg{a'^) is positive, 
and vanishes if and only if at least one of the mutual original distances itself vanishes, 
ttij = 0. 

This ensures that, as in field theory, the only source of divergences in Ig and Ig*^ is at short 
distances. Whether these UV singularities are integrable or not will depend on whether 
the external space dimension d < d* = D/u or d > d* . 

2.7. Factorizations 

The key to convergence and renormalization is the following short-distance factoriza- 
tion property of Pg{a'^). Let us consider a subgraph V C Q, with at least two vertices, in 
which we distinguish an element, the rootp of V, and let us denote by G /pV = {Q\V)U {p} 
the subgraph obtained by replacing in Q the whole subset V by its root p. In the orig- 
inal Euclidean formulation, the analysis of short-distance properties amounts to that of 
contractions of points x^, labeled by such a subset V, toward the point Xp, according to: 
Xi{p) = Xp + p{xi — Xp) if z G P, where p ^ 0"*" is the dilation factor, and Xi{p) = Xi 
if i ^ V. This transformation has an immediate resultant in terms of mutual distances: 
Gij aij{p), depending on both V and p. Under this transformation, the interaction 



polynomial Pg{a^) factorizes into ||22 



Pg{a^{p)) = Pv{a^{p))Pgl^{an 

^'^^ (2.50) 
x{l + 0(p25)} . 
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Fig. 4: Factorization property ( |2.5C|) . 



with 5 = min(z^, 1 — z^) > and wtiere, by homogeneity, P-p{a^{p)) = p^j^d'PI-i) p^^a^^). 
The geometrical interpretation of ( |2.50| ) is quite simple: the contribution of the set Q sphts 
into that of the contracting subgraph V multiplied by that of the whole set Q where V has 
been replaced by its root p (Fig. 4), all correlation distances between these subsets being 
suppressed. The factorization property ( p.50|) is the generalization, to an arbitrary set V 
of contracting points, of the factorization encountered in ( |2.32| ) for the contraction of a 
pair of points. This is simply, in this interacting manifold model, the rigorous expression 
of an operator product expansion . 

The factorization property ( f2.5U| ) does not hold for u = 1, preventing a factorization 
of the measure (lOil) dp\P\a) itself. Still, the integral of the measure, when applied to a 
factorized integrand, does factorize as: 

dpf^---= I dp^^^--- I dp^/^] ■■■ . (2.51) 

This fact, explicit for integer D with a readily factorized measure W^d^xi^ is preserved 
||22|| by analytic continuation only after integration over relative distances between the two 
"complementary" subsets V and Q j^V . 

2.8. Renormalization 



A first consequence of factorizations ( |2.50|) and (|2.51D is the absolute convergence of 



Zj^ and Z^-* for e > 0. Indeed, the superficial degree of divergence of (in distance 
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units) is (A^ — 1)£, as can be read from ( 2.49 ), already ensuring the superficial convergence 
when £ > 0. The above factorizations ensure that the superficial degree of divergence in 
or Z^'* of any subgraph P of ^ is exactly that of Zyp^ itself, i.e., (|P| — \)e > 0. 
By recursion, this ensures the absolute convergence of the manifold Feynman integrals. 
A complete discussion has recourse to a generalized notion of Hepp sectors and is given 
|2^ . In the proof, it is convenient to first consider D large enough where dii\?^ is a 



m 



non-singular measure, with a fixed z/ considered as an independent variable < < 1, and 
to then continue to D = 2 — 2u, < D < 2, corresponding to the physical case. 

When £ = 0, the integrals giving Z]y and Z^"^ are (logarithmically) divergent. Another 
consequence of Eqs. ( p.50| ) and ( p.51| ) is thus the possibility to devise a renormalization 
operation R, as follows. To each contracting rooted subgraph {V,p) of we associate 
a Taylor operator performing on interaction integrands the exact factorization 

corresponding to ( |2.50| ): 

(2.52) 



X 



r(0) 



It>I 



(0) 



g/pv 



and similarly Cr(-p p)/g = I-p Igj -p- As in standard field theory [^, the subtraction renor- 
malization operator R is then organized in terms of forests a la Zimmermann. In manifold 
theory, we define a rooted forest as a set of rooted subgraphs {V,p) such that any two sub- 
graphs are either disjoint or nested, i.e., never partially overlap. Each of these subgraphs 
in the forest will be contracted toward its root under the action ( |2.52| ) of the corresponding 
Taylor operator. When two subgraphs V G V are nested, the smallest one is contracted 
first toward its root p, the root p' of V being itself attracted toward p if p' happened to 
be in V. This hierarchical structure is anticipated by choosing the roots of the forest as 
compatible: in the case described above, if p' G V, then p' = p. Finally, the renormalization 
operator is written as a sum over all such compatibly rooted forests of denoted by JF^: 



n ( 



{■P,p) 



(2.53) 



Here is a necessary combinatorial weight associated with the degeneracy of compatible 
rootings, W{J-'q) = Y[p with V{p) being the largest subgraph of the forest 

JF^ whose root is p. An important property is that, with compatible roots, the Taylor 



operators of a given forest now commute . The renormalized amplitudes are defined as 



^ N 



(k) = 



^4u{o}I^[^r(k)] 



(0), 



A. 



eu{o} 



(2.54) 



15 



The same operation R acting on Ig leads automatically by homogeneity to R [Ig] = for 
\Q\ > 2. We state the essential result that now the renormalized Feynman integral ( |2.54| ) 
is convergent: Z^^^^ < oo for e = 0. A complete proof of this renormalizability property 
is given in the analysis being inspired from the direct proof by Bergere and Lam of 



the renormalizability in field theory of Feynman amplitudes in the a-representation . 

The physical interpretation of the renormalized amplitude ( p.54| ) and of ( |2.53| ) is 
simple. Equations (|2.51|) and ( |2.52| ) show that the substitution for the bare amplitudes 
( p.49|) of the renormalized ones ( p.54|) amounts to a reorganization to all orders of the 
original perturbation series in b, leading to the remarkable identity: 

= E ^^^^S^^(k), (2.55) 

N=l 

where the renormalized interaction parameter 6r is simply here (minus) the connected 
partition function 

bn = -Z. (2.56) 

This actually extends to any vertex function, showing that the theory is made perturba- 
tively finite (at £ = 0) by a full renormalization of the coupling constant b into —Z itself, 
in agreement with the definition of the second virial coefficient g ( |2.23| ) above. From this 
result, one establishes the existence to all orders of the Wilson function (|2.37|) 

W{g^e) = X^\^^ 

describing the scaling properties of the interacting manifold for e close to zero, and which 



has a finite limit up to e = [^. For £ > 0, an IR fixed point at 6 > yields universal 
excluded volume exponents; for e < 0, the associated UV fixed point at 6 < describes a 
localization transition. 

This demonstrated how to define an interacting manifold model with continuous in- 
ternal dimension, by use of distance geometry, as a natural extension of the Schwinger 
representation for field theories. Furthermore, in the case of a pointwise interaction, the 
manifold model is indeed renormalizable to all orders. The main ingredients are Schoen- 
berg's theorem of distance geometry, insuring that divergences occur only at short distances 
for (finite) manifolds, and the short-distance factorization of the generalized Feynman am- 
plitudes. This provided probably the first example of a perturbative renormalization es- 
tablished for extended geometrical objects ||2^ . This opens the way to the renormalization 
theory of self-avoiding manifolds, which we now sketch. 
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3. SELF-AVOIDING MANIFOLDS S>l EDWARDS MODELS 



3.1. Introduction 

In this part, we concentrate on the renormahzation theory of the model of tethered 
self-avoiding manifolds (SAM) [p!T| , p!2| , directly inspired by the Edwards model for polymers 

H/kBT = ^ Jd^x (V.r(x))' + ^Jd''xJ d^'x' S'^irix) - r{x')) , (3.1) 

with an elastic Gaussian term and a self-avoidance two-body ^-potential with excluded 
volume parameter 6 > 0. Notice that in contrast with the local 6 interaction model ( |1 . 5| ) 
studied in § 2, the interaction here is non-local in "manifold space" IR^. 

The finite upper critical dimension (u.c.d.) d* for the SA interaction exists only for 
manifolds with a continuous internal dimension < D < 2. For D ^ 2, d* +oo. 
Phantom manifolds (6 = 0) are crumpled with a finite Hausdorff dimension dn = 2D/{2 — 



D), and d* = 2dH- The e-expansion about (i* performed in |jTT|,^|T^, and described in part 
I above, was directly inspired by the des Cloizeaux direct renormalization (DR) method 
in polymer theory But the issue of the consistency of the DR method remained 

unanswered, since for D ^ 1, model ( |3.1| ) cannot be mapped onto a standard (#^(r))^ 
local field theory. 

The question of boundary effects in relation to the value of the configuration exponent 
7 also requires some study |]T^ . It caused some confusion in earlier publications []Tl| , p!^ , p!3 



In part I of these lectures, we showed that a finite self-avoiding patch embedded in an 
infinite Gaussian manifold has exponent 7 = 1 for any 0<D<2, D ^ 1. Here the cases 
of closed or open manifolds with free boundaries will be considered. 

3.2. Renormalizability to first order 

The validity of RG methods and of scaling laws was first justified at leading order in e 
through explicit resummations in [|2^, in close analogy to the procedure described in §2.3 
above for the 5-interaction impurity model. We shall not repeat all the arguments here, 
but comment on some significant results. 

Let us consider the spatial correlation function ([r(x) — r(0)]^). For a Gaussian (infi- 
nite) manifold it equals 

([r(x) - = d [-2G(x)] = d = d-^-^^—^\xf-^. (3.2) 
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In the presence of self-avoidance, it is expected to scale as: 



([r(x)-r(0)]^>(x 



X 



2v 



(3.3) 



with a swelling exponent z/ > z/q = (2 — L>)/2 for (i < d*. It can be directly evaluated by 
resummation of leading divergences pT 



{[v{x)-m?) = d- 



\2-D 



(3.4) 



Sd{2-D) 

where 6z) is simply the bare interaction parameter h conveniently dressed by coefficients 

ho = {2nAD)-''/^b = [4n/SD{2 - D)]-''/^ b, 



and where gq and a are two universal coefficients ||20||: 



, Sh2-D ( 1 T\D/{2-D)) 



D 



2- DT{2D/{2- D)) 



(3.5) 



The scaling behavior (|3.3|) is then directly recovered from (|3.4|) in the large distance 
or strong self-avoidance limit +oo, with a value of the swelling exponent i' at 

first order in e: 

2-D laoe 



2 ^ 2 a2' 



(3.6) 



or explicitly: 



2-L» I e \ 

V = < IH 

2 I 2 2D 



1 + 



1 r2(L>/(2-D)) 

2-DV{2Dl{2-D)) 



-\ -1 ■ 



(3.7) 



in agreement with the result (3.24) of part I. 

Similarly, for a manifold of finite volume V = X^, one defines a dimensionless excluded 
volume parameter z, as in part I of these lectures, by 



Z = b^X^D-i2-D)d/2 ^ (27rA^)-^/26X^/2. 



(3.8) 



One finds an effective size of the membrane: 



R^ = {[riX)-m?) = Mz:e)d 



Sd{2-D) 



X 



2-D 



(3.9) 
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where XQ{z,e) is the swelling factor with respect to the Gaussian size {[r{X) — r(0)]^)j^ 
(p?2|), as introduced in part I, Eq. (3.1). The direct resummation of leading divergences 
to aU perturbative orders gives [pO|: 



A'o(.,.)=(l + ^feX'/f° '°=(l-ff.)°"'°. (3.10) 

At first order in z, we recover 

Xo{z,e)^l + ^z + 0{z'), (3.11) 

which is the perturbative result (2.44) of part I. 

We also intoduced in part I, Eqs. (3.7-9), the dimensionless second virial coefficient g 

g = -{2nR^/d)-^''^, (3.12) 

where Zi and ^2,0 are respectively the (connected) 1-manifold and 2-manifold partition 
functions. The same direct resummation of leading divergences in perturbation theory 
gives for g 

9= ,J , : (3.13) 

1 + az/e 

with a first order expansion 

g = z-z'^a/e-\ , (3.14) 

in agreement with I. Eqs. (3.16-17) [a was noted as a' d there.] 

It is interesting to observe the following fact, key to a rigorous approach to renormal- 
izablity to first order. The RG fiow equations were obtained in part I. Eqs. (3.4) (3.19) 
(3.22) from first order results (here II. ( ^.llj ), ( ^.14D ) for the scaling functions 

.) . 4. - .^a + . . . 4, - /| + Ote^) (3.15) 

X A In ^-0(2, e) = |2 In A'o(2, e) = iaj 2 + ■ ■ • = iaj j + C>(/). (3.16) 

When truncated to this order, their solutions are exactly the resummed expressions ( |3.13| ) 
and ( p.lOp . Turning things around, the direct resummation of leading poles in e indeed 
establishes one-loop renormalizability ||T8| , pO . 
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3.3. Renormalizabilty to all orders 

We briefly describe below the formalism that allows to prove the validity of the RG 
approach to self-avoiding manifolds, as well as to a larger class of manifold models with 
non-local interactions. (See [^^, for further details.). This formalism is based on 



an operator product expansion involving multi-local singular operators, which allows a 
systematic analysis of the short-distance ultraviolet singularities of the Edwards model. 
At the critical dimension d*, one can classify all of the relevant operators and show that 



the model (|3.1| ) is renormalizable to all orders by renormalizations (i) of the coupling 6, 
and (ii) of the position field r. As a consequence, one establishes the validity of scaling 
laws for infinite membranes, as well as the existence of finite size scaling laws for finite 
membranes. The latter result ensures the consistency of the DR approach. 

A peculiar result, which distinguishes manifolds with non-integer D from open linear 
polymers with D = 1, is the absence of boundary operator multiplicative renormalization, 
leading to the general hyperscaling relation for the configuration exponent 7 

7 = l-zyrf, (3.17) 

valid for finite SAM with < D < 2, D ^ 1. Note that this hyperscaling value is also valid 
for closed linear polymers (see, e.g., |3^].) This result is valid for closed or open manifolds 
with free boundaries, and has the same origin as the result 7 = 1 obtained in part I for a 
finite SA patch embedded in an infinite manifold (see I. § 2.2.2 and § 2.2.3.) 

3.4. Perturbation theory and dipole representation 

As in part I, the partition function is defined by the functional integral: 

Z = J ^^[?(^)] exp (-H[r]/kBT) . (3.18) 

It has a perturbative expansion in b, formally given by expanding the exponential of the 
contact interaction 

^ (-b/2)^ f 2N ^ , N , 

2 = 20 T L / n d^X, { n 5\v{x2a)-Ax2a-l)))^ 

iV I / i=l a=l 

(3.19) 

= ^0 ATI ' 
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where Zq is the partition function of the Gaussian manifold (hence = 1), and (■ ■ ■)o 
denotes the average with respect to the Gaussian manifold (6 = 0): 

Physical observables are provided by average values of operators, which must be in- 
variant under global translations. Using Fourier representation, local operators can always 
be generated by the exponential operators (or vertex operators), of the form 

V^{z) = e''»-''(") . (3.21) 

In perturbation theory the field r(x) will be treated as a massless free field and the momenta 
q will appear as the "charges" associated with the translations in IR^. Translationally 
invariant operators are then provided by "neutral" products of such local operators, 

p p 

0^i,-,qp(^i,- ■■,^p) = n^'i'^^^)' = = . (3.22) 

1=1 1=1 

The perturbative expansion for these observables is simply 
(n e^^-'^^^')) = ^ V ^ "V / Ild^x,{lie'^-'^^^^ n 5^(r(x2a)-?(x2a-i))>o 

1=1 Z N\ J i=l h=l a=l 

= z 2^ ATI ^^(iq'i) ■ 

Ar=0 

(3.23) 

Each S function in ( |3.iy| ) and ( |3.23| ) can itself be written in terms of two exponential 
operators as 

S'irix^) - T{x^)) = J ^-^0^ 5^(ki + k2) e^'^-'^(-) e^'^-'^(-) . (3.24) 

Viewing again the momenta ki, k2 as charges assigned to the points xi, X2, the bi- local 
operator ( p.24|) corresponds to a dipole, with charges ki = k, k2 = — k, integrated over its 
internal charge k. We depict graphically each such dipole as 



+k 



Xj X2 



Fig. 5: The dipole representing the 5 interaction in ( |3.2'^ ). 
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Similarly, the product of bi-local operators in (|3.19|) and ( p.23|) can be written as an 
ensemble of dipoles, that is as the product of 2N vertex operators with "dipolar 
constraints" 

CJkJ = (27r)^5'^(k2a-i+k2„) , (3.25) 
then integrated over all internal charges k^: 

2N d'^lii N 



N 



n S''{r{x2a) -r{x2a-l)) 



2N 



n 



n Ca{ki} n e 



iki-r(xi) 



(3.26) 



a=l " ' J i=l {2ny a=l " ' i=l 

Products of such bi-local operators and of external vertex operators, as in ( p.23|) , are 
depicted by diagrams such as that of Fig. 6. 




Fig. 6: Dipole and charges representing bi-local operators and external vertex operators 
in (1^. 



The Gaussian average in ( |3.19| ), ( |3.26| ) is easily performed, and with the neutrality 
condition kj = 0, we can rewrite it as 



^j^gik..r(xO>^ = exp(--^k,-k,G'(x,-x 



(3.27) 



with, as before, the translationally invariant two-point function 



G{xi - Xj) 



1 



{{r{xi) - r{xj)Y)o 



\2-D 



(3.28) 



(2 - D)Sd 

Integration over the momenta k^ then gives for the A^'th term of the perturbative 
expansion for the partition function Z ( 3.19 ) the "manifold integral" 



Zat = (27r)-^^/2 / U d^'x, A{x,}-^ 

i=l 



(3.29) 
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with Ajxi} the determinant associated with the auxihary quadratic form (now on IR ) 

2N 

Q{ki] = E kikj G{xi, xj) restricted to the A^- dimensional vector space defined by the 

neutrahty constraints Ca{ki}, /c2a + ^2a-i = 0. A{xi} is given exphcitly by the determinant 
of the N X N matrix Aab (with row and columns labeled by the dipole indices a,b — 
l,---,iV) 

A = det(A„b), A„b = G{x2a-l,X2b-l)+G{x2a,X2b)-G{x2a-l,X2b)-G{x2a,X2b-l)- 

(3.30) 

Similarly, the A^'th term in the perturbative expansion of the P-point observable ( |3.23| ) 

is 

/2N ^ /IP \lm, \ 

nrf^x, A{xa-^exp -- E q;-q^-^ . (3.31) 
i=l \ 2 Lm.=l A / 



A^"^ is the (Im) minor of the {P + N) x {P + N) matrix 

G{zi,Zm) G{zi,X2b-l) - G{zi,X2b) 

G{X2 a— Ij^m) G{x2aT ^rn) A.Q_b 



i<;,m<p 

l<a,b<N 



(3.32) 



Note that a proper analytic continuation in D of (|3.29| ) and ( p.31| ) is insured, as 
in Section 2 above, by the use of distance geometry, where the Euclidean measure over 
the Xi is understood as the corresponding measure over the mutual squared distances 
distribution analytic in D ||22||. 



3.5. Singular configurations and electrostatics in IR^ 

The integrand in ( |3.29| ) is singular when the determinant vanishes, A{xi} = 0, 
or undefined if the latter becomes negative. The associated quadratic form Q{ki} = 

2N 

), restricted by the neutrality constraints Ca{ki}: /c2a + ^2a-i = 0, a = 
1,---,A^, is exactly the electrostatic energy of a gas of 2A^ scalar charges ki located at 
points Xi in IR^, and constrained to form neutral pairs a of charges (dipoles). For 
such a globally neutral gas, the Coulomb energy is minimal when the charge density is 
zero everywhere, i.e., when the non zero charges ki aggregate into neutral "atoms". When 
< D < 2, because of the vanishing of the Coulomb potential at the origin, G{0) = 0, the 
corresponding minimal energy is furthermore zero, which implies that the quadratic form 
Q is non-negative, and thus its determinant is also non-negative: A > 0. 

Singular {xi} configurations, with A = 0, still exist when Q is degenerate, which 
happens when some dipoles are assembled in such a way that, with appropriate non-zero 
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Fig. 8: A general diagram with two external points and three internal dipoles, rep- 
resenting bi-local interactions 6a (a); "molecules" describing singular conGgurations with 
one (b), two (c,d) and three (e) "atoms". (b,c,d) give UV divergences, (e) does not. 

charges, they still can build neutral atoms. This requires some of the points Xi to coincide 
and the corresponding dipoles to form at least one closed loop (Fig. 7) . This ensures that 
the only sources of divergences are short- distance singularities, and extends the Schoenberg 
theorem used above. 

3.6. Multi- local Operator Product Expansion 

A singular configuration can thus be viewed as a connected "molecule" (Fig. 7), 
characterized by a set of "atoms" p with assigned positions Xp, and by a set C of 
links a between these atoms, representing the dipolar constraints Ca associated with the 
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Sa = S'^{r{x2a) — ^ix2a-i)) interactions. For each p, we denote by Vp the set of charges 
z, at Xi, close to point which build the atom p and define the relative (short) distances 
y-^Xi- Xp for i e Vp (Fig. 8). 

The short-distance singularity of A~^/^ is then analyzed by performing a small Ui 
expansion of the product of the bilocal operators 5a for the links a G £, in the Gaussian 
manifold theory (Eq. (|3^ ). This expansion around M. can be written multi-local 
operator product expansion (MOPE) 

n 5\v{x2a) - V{x2a-l)) = V C^..^ {y,} (3.33) 

where the sum runs over all multi-local operators $ of the form: 

^{xp}= [d'^r n {■.{iV,y-5''ir-rixp))} Apixp):] (3.34) 

Here Ap{xp) = A^'^^'^^) [V:^ ; r ( local operator at point Xp, which is a combination 

of powers of x-derivatives and field r, of degree Sp in r(xp) and degree rp > Sp in V^. 
(Vp)'^p denotes a product of Qp derivatives with respect to r, acting on 5'^(r — r(xp)). 
The symbol ": :" denotes the normal product subtraction prescription at Xp (which, in 
a Gaussian average, amounts to setting to zero any derivative of the propagator Gij at 
coinciding points ). For Card(A^) = \M\ > I, ( |3.34| ) describes the most 



general |A^|-body contact interaction between the points Xp, with possible inserted local 
operators Ap{xp) at each point Xp. For = 1, it reduces to a local operator Ap{xp). 

The coefficient associated with the operator $ in the MOPE, Cf g{yi}, can be written 
as an integral over the momenta k^: 



Cf s{yr}= /n' c„{kj n I n d% {(Vg)^M"( e k,)} c^-{y„kje 

(3.35) 

where C^p{|/i,ki} is a monomial in the {yi,ki}'s, associated with the operator Ap, of 
similar global degree rp in the {|/i}'s, and Sp in the {k^j's. The product U' is over all 
constraints a E C but one. 

The MOPE ( |3.33| ) follows from the expression ( |3.24| ) in terms of free field exponentials 



plus constraints, and is established in |]2^ . 



25 





(a) 



(b) 



\2. 



Fig. 9: "Molecules" M. producing (a) the one-body local elastic term $ — '■{'Vr^ 
and (b) the two-body SA interaction term $ = S'^i^p — Tpf). 

3.7. Power counting and renormalization 

The MOPE (|3.33|) allows us to determine those singular configurations which give rise 



to actual UV divergences in the manifold integrals (|3.29| ) or (|3.31| ). Indeed, for a given 
singular configuration by integrating over the domain where the relative positions 
Ui = Xi — Xp are of order \yi\ < p, we can use the MOPE ( |3.33| ) to obtain an expansion of 



the integrand in (|3.23|) in powers of p. Each coefficient Cf g gives a contribution of order 



p'^* , with degree uj^ given by power counting as 



u^=D{2\C\ - \MW + dvQ{\M\ 



|i:|-l}+ E {v^{qp ~ Sp) ^ rp\ (3.36) 



with z^o = (2 — -D)/2 < 1 and Vp > Sp. Whenever t<;$ < 0, a UV divergence occurs, as a 

factor multiplying the insertion of the corresponding operator $. 

At the upper critical dimension d* = 2D /uq, c<;$ becomes independent of the number 

\C\ of dipoles, and is equal to the canonical dimension Ci;<j, of / n d^ Xp^{xp} in the 

veM 

Gaussian theory. 

Only three relevant multi-local operators $, with uj^ < and such that the corre- 
sponding coefficient does not vanish by symmetry, are found by simple inspection. Two of 
these operators are marginal ((^<j, = 0) at d*: (i) the one-body local elastic term :(Vrp)^:, 
obtained for \M.\ = 1 (q' = 0, r = s= 2); (ii) the two-body SA interaction term 5'^{Yp — Vp') 
itself, obtained through singular configurations with |A^| = 2 atoms (and with q = r = s = Q 
for p and p') (see Fig. 9). 

A third operator is relevant with a;<j, = —D, i.e., the identity operator 1 obtained 
when = 1 (g = r = s = 0). It describes insertions of local "free energy" divergences 
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along the manifold, proportional to the manifold volume, which factor out of partition 
functions like (|3.19|) , to cancel out in correlation functions (|3.23| ), as already explained in 



part I, § 2.22. 

The above analysis deals with superficial UV divergences only. A complete analysis 
of the general UV singularities associated with successive contractions toward "nested" 



singular configurations can be performed [26], using the same techniques as in (II 



§2.8 above). A basic fact is that an iteration of the MOPE only generates multi-local 
operators of the same type ( ^.34| ). 

The results are ||2^: (i) that the observables ( |3.23| ) are UV finite for d < d*{D), and 



are meromorphic functions in d with poles at d = d*; (ii) that a renormalization operation 
R, similar to the subtraction operation of § 2.8 above [^2|, can be achieved to remove these 

poles; (iii) that this operation amounts to a renormalization of the Hamiltonian ( |3.1|) . 

p 

More explicitly, the renormalized correlation functions ( H e^^' '''^''^'-')„ have a finite 
perturbative expansion in the renormalized coupling ^p^, when (• ■ ■'^^ is the average w.r.t 
the renormalized Hamiltonian 

HrAbT = J d''x{V:,r^{x)Y + ^b^ij'/^Zb J rf^x J rf^x' 5'^(r^(a:) - r^(x')) ■ 

(3.37) 

Here is a renormalization (internal) momentum scale, necessary for infinite manifolds, 
e = AD — 2duQ; Z(6r) and Zi,{b^) are respectively the field and coupling constant renor- 
malization factors, singular at £ = 0. 

At first order, one finds by explicitly calculating Cg^'^'' and C|j that ||2^ 

Z = l + (27rAo)-^/2^^M^— ^, 

" 1^; ^ 2- DT{2D/{2- D))' 

with Ad = [Sd{2 — D)/2]~'^ . For quantities which do not stay finite in the infinite manifold 
limit V +00, like partition functions, a shift in the free energy {i.e., an "additive 
conterterm" in TYr), proportional to V, is also necessary. 

Expressing the observables of the SAM model (p.lD in terms of renormalized variables 

one can derive in the standard way RG equations 
involving Wilson's functions VF(6r) = '^^^r.I^? i^ibn) = I'o — \^^^\'n.Z\^. A non-trivial 
IR fixed point 6^oc£ such that W{b^ = is found for e > 0. It governs the large distance 
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behavior of the SA infinite manifold, which obeys scahng laws characterized by the size 
exponent v. The value obtained in this approach, v = iy{b^), coincides with that obtained 
at first order in e in Eq. {^) above H-i 



3.8. Finite size scaling and direct renormalization 

The direct renormalization formalism considered in part I, and in II. §3.2 above, 
deals with finite manifolds with internal volume V, and expresses scaling functions in 
terms of a dimensionless second virial coefficient (|3.12P g = —{2TxR^/d)~'^^'^Z2^c/{Zi)'^, 
where Zi(V)(= Z / Zq) and Z2,c(V) are respectively the one- and (connected) two- 
membrane partition functions, and R is the effective radius of the membrane. 

When dealing with a finite closed manifold (for instance the D-dimensional sphere S d 
(II. § 2.6 and |j2^), characterized by its (curved) internal metric, the massless propagator G 
gets modified. Nevertheless, from the short-distance expansion of G in a general metric,!! 
one can show that the short-distance MOPE (|3.33|) remains valid. The expansion then 
extends to multi-local operators $ of the form ( ^.34| ), with local operators A[x) which 
may involve the Riemann curvature tensor and its derivatives, with appropriate coefficients 



Cf J ||26||. Still, the coefficients for those operators $ that do not involve derivatives of 



the metric stay the same as in Euclidean fiat space. 

At (i*, UV divergences still come with insertions of relevant multi-local operators 
with a;$ < 0. When < D < 2, the operators involving curvature are found by power 
counting to be all irrelevant. Thus the flat infinite membrane counterterms Z and Zi, 
still renormalize the (curved) finite membrane theory. Standard arguments parallel to 



those of [jT^ for polymers then help to establish the direct renormalization formalism (see 
||26|| ). The second virial coefficient g{h,V) (as any dimensionless scaling function) is UV 
finite once expressed as a function Qj^ih^, V/U^) of 6^ (and n). Then the scaling functions, 
when expressed in terms of g, obey RG fiow equations, and stay finite up to e = 0. The 
existence of a non-trivial IR fixed point 6* for e > implies that in the large volume or 
strong interaction limit, h V ^^"^^ +cx3, g reaches a finite limit g* = 5'r(^>^) (independent 
of Vfx^), and so do all scaling functions. This is just direct renormalization, QED. 



^ On can notice the identity between coefficients in the renormalization factors Z, Zb above, 
and (U). 

^ The expansion at the origin of the massless propagator (5 on a curved manifold reads in 
Riemann normal coordinates G{x) ~ G{x) — ^^^:(Vr)^:^, with G{x) cc \x\'^^^ the propagator in 
infinite fiat space, and next order terms 0(|x|'*^^) proportional to the curvature and subdominant 
for D < 2; the normal product (: :) is still defined w.r.t. infinite fiat space, and gives explicitly 
for a finite manifold with volume V ^!(Vr)'^:^ = — 1/V. 
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3.9. Hyperscaling 

Let us first consider a closed manifold. As mentioned above, tlie renormalization 
of partition functions for a (finite) SAM requires a shift [—f^X^) of the free energy, 
proportional to the manifold volume V, and corresponding to the integration of a local 
contact divergence in the bulk. The configuration exponent 7 is then defined by the 
scaling of the partition function! 

Zi(V) = Z-^ j V[r\ <5^(r(0)) e'^^-f^^ ~ . (3.38) 

A consequence of the absence for closed SAM, for < D < 2, of relevant geometrical 
operators other than the point insertion one, is the general hyperscaling law ( |3.17| ) relating 
7 to z^: 7 — 1 = —vdjD. Indeed, from (|3.38D, Zx is simply multiplicatively renormalized 



as Zi{b,V) = Z '^/^Z^(6r,, V/U'^). This validates the hyperscaling hypothesis that Zi ~ 
(|r|-^) ~ y-'^d/D^ Eq. ( PT?| ) can been checked explicitly at order e for the sphere Sd 
and the torus Tq. 

For an open SAM with free boundaries, and when 1 < D < 2, the boundary operator 
f d^~^xl is relevant, requiring a boundary free energy shift {—fD-iX^~^). Since this 

boundary 

does not enter into the bulk MOPE, it does not modify the renormalizations of r and 



b. Furthermore, only for integer D = 1 is it marginally relevant |13], as explained in 
part I; thus for D ^ 1 the hyperscaling relation ( p.l7| ) remains valid. Only for open 
polymers at = 1, do the corresponding (zero-dimensional) end-point divergences enter 
the multiplicative renormalization of Zi, and 7 becomes an independent exponent. In 



polymer theory, an independent exponent actually appears for each star vertex [p2 |. 

Previous calculations [1TT|JT^ , |T3| did not involve the massless propagator G* on a fi- 
nite manifold with Neumann boundary conditions, but the simpler propagator G ( |3.28|) , 
corresponding to a finite SA patch immersed in an infinite Gaussian manifold. The same 



non-renormalization argument, as explained in and in part I, yields 7 = 1 for non- 
integer D. 

When D = 2, operators involving curvature and boundaries become relevant, and 
( p.lTp is not expected to hold, either for closed or open manifolds. 



^ Here we consider Zi{V) = exp(— /_dX^) Z/Zq, i.e., the dimensionally regularized partition 
function, which includes the free energy shift (see I. §2.2.2). 
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3.10. G-point and long-range interactions 

The above formalism is actually directly applicable to a large class of manifold mod- 
els where the interaction can be expressed in terms of free field exponentials with suitable 
neutrality constraints Ca{ki}. Examples of such interactions are the n-body contact poten- 
tials, or the two-body long-range Coulomb potential l/|r — r'l'^"^, represented by modified 
dipolar constraints C{ki} = |k|~^(5'^(k-|-k'). In these models the MOPE involves the same 
multi-local operators as in (|3.34| ), with coefficients ( |3.35|) built with the corresponding 
constraints Ca- 

As an application of the MOPE, one finds that for a polymerized membrane at the 0- 
point where the two-body term h in ( |3.1|) vanishes, the most relevant short-range interaction 
is either the usual tricritical three-body contact potential, with u.c.d. = 3D/{2 — D), 
as for ordinary polymers [^^, or the two-body singular potential Apd'^{r — r') with u.c.d. 
= 2{3D - 2)/(2 - D). The latter is the most relevant one when D > 4/3 (see pl). 

The very absence of long-range interactions in the MOPE shows that those interactions 
are not renormalized. When considering charged polymerized membranes with a two- 
body Coulomb potential for instance, the only (marginally) relevant operator at the upper 
critical dimension is the local elastic energy density :(Vr)^:, which indicates that only r is 
renormalized. As a consequence, one can show that u = 2D/{d — 2) exactly, generalizing 
a well-known result for polymers ||3^ . 



We did not address here other interesting issues: the approach to the physical D = 2 
case from the D < 2 manifold theory [ P7| , PB| , numerical simulations of 2D polymerized 
membranes fl^, or the question of the actual physical phase (crumpled or flat) of a two- 
dimensional polymerized membrane in d-space ^7^. We have concentrated instead on 
those more fundamental aspects of renormalization theory, that have been driven by the 
fascinating properties of these fluctuating polymerized membranes. 
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